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The infinitesimal jackknife, a nonparametric method for estimating standard errors, has been used
to obtain standard error estimates in covariance structure analysis. In this article, we adapt it for obtaining
standard errors for rotated factor loadings and factor correlations in exploratory factor analysis with sam-
ple correlation matrices. Both maximum likelihood estimation and ordinary least squares estimation are
considered.
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1. Introduction

Exploratory Factor analysis (EFA) is one of the most widely used statistical procedures in
the social and behavioral sciences. Standard errors are essential in performing important tasks
in EFA such as identifying salient factor loadings and understanding interrelationships among
latent factors (Cudeck & O’Dell, 1994).

In this article, we use the infinitesimal jackknife (I1J) to produce standard error estimates for
EFA parameters. 1J methods may be used to produce standard error estimates for parameters in
EFA with either sample covariance or sample correlation matrices. Because of its popularity in
applications, the specific IJ methods developed here will be in the context of sample correlation
matrices. Arbitrary deviance functions may be used for initial factor loading extraction. Specific
formulas are given for ordinary least squares (OLS) and maximum likelihood (ML) extraction.

When sampling from a normal population, analytic standard errors for EFA using ML ex-
traction were developed by Archer and Jennrich (1973) for orthogonal rotation, Jennrich (1973)
for oblique rotation, and Jennrich (1974) for the bordered information matrix method. When
sampling from a normal population, analytic standard errors for EFA using OLS extraction were
developed in Browne and Tateneni (2008). When sampling from a nonnormal population, an-
alytic standard errors for EFA using ML extraction were developed by Jennrich and Clarkson
(1980), Ogasawara (2007a), and Yuan, Marshall, and Bentler (2002). All these developments re-
quire the EFA model to be correctly specified or to have no more than moderate levels of lack of
fit (Browne, 1984; Satorra, 1989).

Ordinary jackknife standard error estimates in EFA with nonnormal data were developed by
Clarkson (1979). This method does not require a correctly specified EFA model and uses ML
extraction.
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The bootstrap has also been used to estimate standard errors in EFA: see Lambert, Wild, and
Durand (1991) and Ichikawa and Konishi (1995) for ML extraction and Zhang, Preacher, and
Luo (2010) for OLS extraction. The bootstrap does not require a correctly specified EFA model.

Jennrich (2008) has shown how to use the IJ to produce standard error estimates for the
values of an arbitrary function of a sample covariance matrix for a sample from an arbitrary
population with finite fourth moments. He proved that the standard error estimates produced
are consistent. He applied his method to covariance structure analysis and produced standard
error estimates for its parameter estimates. The covariance structure did not need to be correctly
specified.

Here we apply the 1J to EFA and produce consistent standard error estimates for the esti-
mates of factor loadings and factor correlations. The population sampled need not be normal,
the EFA model need not be correctly specified, and arbitrary deviance functions may be used for
extraction. Details are given for EFA of a correlation matrix.

An advantage of the 1J method over the ordinary jackknife method and bootstrap methods
is that it requires only one EFA, while the ordinary jackknife requires one for each jackknife
sample, and the bootstrap requires one for each bootstrap sample. In the case of EFA, the ordinary
jackknife and bootstrap loading and correlation matrices from each subsample must be aligned
before the standard errors are computed. In the case of the IJ only one loading matrix and one
factor correlation matrix are produced and no alignment is required. The first advantage of the
1J method applies to any covariance structure model, but the second advantage is specifically for
EFA.

In summary, what is new in this article is the use of the IJ to produce consistent standard
error estimates in EFA. These do not require normal sampling or correctly specified EFA models
and can be used for EFA of sample correlation matrices.

The rest of the article is organized as follows. We first provide background information on
the EFA model and its estimation with sample correlation matrices. ML estimation and OLS esti-
mation are presented as special cases of minimum deviance methods. We then discuss how to use
the 1J method to estimate standard errors in exploratory factor analysis. Implementation details
on OLS estimation and ML estimation with sample correlation matrices are given. We illustrate
the 1J method for both OLS estimation and ML estimation with both normal and elliptical data.
1J standard error estimates and analytic standard error estimates are further compared with an
empirical example. We conclude the article with several comments.

2. Background

Letxy,...,x;,...,Xx, be asample of n observations. Let S be the biased form of the sample
covariance matrix, where the sum of cross-products is divided by » rather than n — 1. Standard-
izing S

_1 _1
R(S)=D; *SD,* (1)
produces the sample correlation matrix R. Here Dj is a diagonal matrix of sample variances.

The oblique factor analysis model specifies that

YO)=APA + V. (2)

Here A is a p x m factor loading matrix, @ is an m x m factor correlation matrix, ¥ is a
p X p diagonal matrix of unique variances, and @ is a column vector of length ¢ = pm +
m(m — 1)/2 + p. The first pm components of 6 are components of A read column-wise, the
next m(m — 1)/2 components are the lower diagonal components of @ read column-wise, and
the last p components are the diagonal components of ¥.
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The EFA model of Equation (2) is not identified. Let ¢4, ..., t,, be any m independent vec-
tors scaled so t;¢t,- =1,and let T = (¢1,...,t,). Then T varies over an m? — m manifold.

For any T on this manifold, let A=AT 'and & = TOT' . Then APA = AP A’. Thus, there
are parameter vectors 6 and 6 such that X () = X' (@) but = 6. This means without additional
assumptions the covariance structure X (@) is not identified. This lack of identification in EFA
is referred to as rotational indeterminacy. Factor rotation (Browne, 2001) is conducted to select
one solution from these infinitely many solutions. Factor rotation often involves minimizing a
scalar function of rotated factor loadings Q(A), for example, CF-varimax (Crawford & Fergu-
son, 1970),

Q(A)=<l——)ZZZA

i=1 j=11#j

L] "
— Z Z Sial, 3)
P j=li=1 k#i

When oblique rotation is conducted, factor rotation can be regarded as imposing m? — m
constraints on the rotated factor loading matrix A and the factor correlation matrix @ (Jennrich,

1973, Equation (28)),
A0
0) = vecoff( A'=—=@~1 | =0. 4
@(0) = veco < JA ) @

Here vecoff(A) is an operator extracting off-diagonal elements of a square matrix and placing
them into an m?> — m component vector. Components of ¢ are indexed by double subscripts:
Qv = (A’ %¢’])uv. The p x m matrix % contains partial derivatives aaT?j’

dQ
T =AAEM. (5)

Here A x M denotes the element-by-element multiplication of the two matrices. A typical ele-

ment of M is
1\ © 2 1 2 2
Mir = 1—; Do)+ ;Z)w = i ©)
r=1 i=1

Here 1 <i < p and 1 <r < m. This is a special case of the result derived in Jennrich (1973,
Equation (50)) for the generalized Crawford—Ferguson family.! The m? — m rotation constraints
in Equation (4) are sufficient to identify the EFA model.

The EFA covariance structure of Equation (2) is routinely estimated with a sample correla-
tion matrix R using minimum deviance methods

F@®,R)=D(R, X)) )

The minimum deviance function D(R, ¥ (#)) > 0, and it is zero if X (f) = R. The two most
frequently used minimum deviance methods in EFA are ML,

-1
FvL(8, R) =log|Z(0)| + (X @) 'R) —log |R| — p, 8)
and OLS,
2

FoLs(8,R) =t(R — X)) )

Here tr(A) is the trace of a square matrix A.
IThe generalized Crawford—Ferguson family requires specifying four parameters «1, k2, k3, and 4. Oblique CF-
varimax rotation of Equation (3) is equivalent to the generalized Crawford—Ferguson family when k) =0,k =1—1/p,

k3 = 1/p, and k4 = —1. The equivalence of the oblique CF-varimax rotation to the generalized Crawford—Ferguson
family was also presented in Clarkson and Jennrich (1988, Table 1).
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3. The 1J Method of Estimating Standard Errors in EFA

We first present 1J standard error estimation in EFA for an arbitrary minimum deviance
method in Equation (7). We then give details of 1J standard error estimation for the two most
widely used minimum deviance methods: OLS and ML.

3.1. Minimum Deviance Methods of EFA with Sample Correlations

To facilitate derivation, factor extraction and factor rotation are treated in a single step. Esti-

mates of rotated factor loadings and factor correlations 9 are solutions to the following estimating
equations:

10
40 1o
Here R(S) is an operator defined in Equation (1), which maps a positive definite matrix into a
standardized matrix. These estimating equations are a direct adaptation of the estimating equa-
tions used in Jennrich (2008, Equation (6)) for covariance structure analysis. The adaptation
takes into account two features of EFA of a sample correlation matrix. In the covariance struc-
ture analysis of Jennrich (2008) X'(0) is assumed to be identified, while here it is not true for EFA
in general. The ¢ () in Equation (10) is used to identify the EFA mode. Thus, the dimension of
£(0, S) increases to ¢* = g + m(m — 1). Another difference is the use of R rather than § in the
definition of F (@, S). This makes the derivatives of F (8, S) with respect to the components of S
somewhat more difficult. Computing 1J standard errors for EFA proceeds as follows.

Let

9
40, 8) = [MF“” R(S”} o,

32
J6.8)=000.9)= [Waii(z;g(s”} an
be the partial Jacobian matrix of g(@, S) with respect to its first argument @, and let
028(9.5)(dS) (12)
be the partial differential of g(@, S) at (@, S) and dS. For each of the observations xy, ..., x;,
co X, let
yi =985 (i —X)(x; — %)) (13)

be the partial differential of the estimating equation g(@, S) with respect to its second argument
S evaluated at (é, S) and (x; — ¥)(x; — ¥)'. Because the last m? — m rows of g(0,S) are zero
for all applications, the last m* — m components of y; are always zero. The only components of
y; that change are the first ¢ components.

Let 0l.+ be the solution to the linear equation (Jennrich, 2008, Equation (9))

J@, 90 =—y,. (14)

Let 67 is the mean of all 0l.+. From Jennrich (2008)

IJA_ln + _pH\(pt+ _ptY
acov () = " Z(Oi 0 )(Oi 0 )

i=1
is the 1J estimate of the asymptotic covariance matrix for the estimator 0, and
se’(0,) = (acov’ 9)),, //n (15)

is the 1J standard error estimate for ér.
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The partial Jacobian matrix J (@, S) involves partial derivatives of rotation constraints of
¢ (0) with respect to rotated factor loadings and factor correlations. When CF-varimax rotation
is considered, the partial derivatives of rotation constraints with respect to rotated factor loadings
(Jennrich, 1973, Equation (53)) are

0Quy dQ —1
=bur( @ AMirhing"
8)”, Ltr(dA i + L m¢
8 _ 8
+ (8 — ;)A,-,A,-M(Ad) N, + ;Air(A/A)ur¢’” — 8A% Aiud"". (16)

Here l <u#v<m,1<i<p,1<r<m,d, =1if u=r and 0 otherwise, M;, is given in
Equation (6), and ¢"* = (@~ 1),,. The corresponding partial derivatives of rotation constraints
with respect to rotated factor correlations (Jennrich, 1973, Equation (54)) are

0Py , dQ 1
L = (8,0 + 8" A = . 17
260y (8ux®”” + Suyh )( A y (I7)

Here 1 <u # v <m and 1 <x # y < m. The original formula presented in Jennrich (1973,
Equation (54)) contains a typo (Jennrich, Personal Communication) that is corrected in Equa-
tion (17). A proof of the formula is given in Appendix A.

Analytic derivatives of rotation constraints derived in Jennrich (1973) were for the general
symmetric family of quartic criteria (Clarkson & Jennrich, 1988, Table 1), which include the
Crawford-Ferguson criteria as their special case. Additional results on derivatives of rotation
constraints can be found in Tateneni (1998), Ogasawara (1998), Yung and Hayashi (2001), and
Hayashi and Yung (1999).

We next discuss how to compute the Jacobian matrix J and the vector of differentials y; for
OLS estimation and ML estimation. The computations involve ﬁrst— and second order derivatives

of the EFA covariance structure with respect to model parameters a o 2 and 89 a % . Here 6, and 6,
are arbitrary model parameters, for example, rotated factor loadmgs rotated factor correlations,
or unique variances.

3.2. OLS as a Minimum Deviance Method

When the minimum deviance method is chosen to be the OLS discrepancy function of Equa-
tion (9), an element of the gradient vector in the estimating equations in Equation (10) is given

by
dF, X
OLS _ 9t < ) (18)
a0,

26,

The partial Jacobian matrix J (@, S) in Equation (11) includes the second-order derivatives
of the OLS discrepancy function. Differentiating the gradient vector in Equation (18) provides
such second-order derivatives. An example of these second-order derivatives is

9 FoLs —2tr< 2y X az)

30,96 aeaae,,( - 36, 96,

19)

Let Bzg(a) (dS) denotes the ath component of the differentials d2g(,s)(dS) in Equa-
tion (13) for OLS estimation. Fora=1, ..., ¢,
) (20)

oX
(a) _
82g(0’S)(dS) = 2tr(89a
where d Rg(dS) is the differential of the operator R(S) at S and dS.Fora=¢g +1,...,q%,

B85.5)(dS) =0
A formula for d Rg(dS) is derived in Appendix B.
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3.3. ML as a Minimum Deviance Method

When the minimum deviance method is chosen to be the ML discrepancy function of Equa-
tion (8), an element of the gradient vector in the estimating equations is given by

0 F oX
ML gz Y(R— )z} . 1)
00, 00,

The partial Jacobian matrix J (@, S) in Equation (11) includes the second-order derivatives
of the ML discrepancy function. Differentiating the gradient vector in Equation (21) provides
such second-order derivatives. These second-order derivatives are

92 F X X
ML (2 12y l(R— 3y 3!
30,90, 30, 36,

X 0%
tu(z =y 2
30 30,

-1 o 0%
—tr| X (R—2)X . (22)
06,00
Let 32g((g)s) (dS) denotes the ath component of the differentials d2g(9,s)(dS) in Equa-
tion (13) for ML estimation. Fora =1, ..., ¢,

0%
angS?s)(dS)=—tr<x '

a

z—ldRs(dS)), (23)
where d Rg(dS) is the differential of the operator R(S) at S and dS.Fora=q +1,...,q%,

dag(g)s,(dS) =0.

Derivations of the differential for ML estimation are provided in Appendix B.

4. Tllustrative Examples

The illustrative examples are divided into two parts. The first part compares 1J standard error
estimates using a nearly correctly specified EFA model and sampling from a normal and from an
elliptical distribution. The second part compares 1J and analytic standard error estimates when
the EFA model is misspecified.

4.1. 1J Standard Error Estimates of ML and OLS Estimates with Normal and Nonnormal Data

Simulation samples were used in the illustrations. The population covariance matrix was
chosen to be the sample correlation matrix of Holzinger’s unpublished data (Harman, 1960,
p- 227). A three-factor EFA model is satisfactory for this 9 x 9 correlation matrix. A 90 % confi-
dence interval for the root mean square error of approximation (the RMSEA, Browne & Cudeck,
1993; Steiger & Lind, 1980, June) produced by OLS estimation is (0.000, 0.036); a 90 % confi-
dence interval for the RMSEA produced by ML estimation is (0.000, 0.037). The analyses were
carried out using EFA software (Browne, Cudeck, Tateneni, & Mels, 2008). Table 1 presents
OLS rotated factor loadings and factor correlations. The rotation criterion is oblique CF-varimax.
ML rotated factor loadings and factor correlations are similar to those reported in Table 1. The
original sample size was 696.

Two simulation samples were generated from the correlation matrix of Holzinger’s unpub-
lished data. Let Ry be this correlation matrix. In the first sample, 696 nine-variate vectors were
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TABLE 1.
OLS rotated factor loadings and factor correlations from Holzinger’s unpublished study.

Factor loadings

Verbal Arithmetic Spatial

Word meaning 0.90 0.00 0.02
Sentence completion 0.73 0.18 0.02
Odd words 0.79 0.05 0.13
Mixed arithmetic 0.01 0.95 0.00
Remainders 0.08 0.77 0.11
Missing numbers 0.18 0.72 0.11
Gloves —0.05 0.17 0.54
Boots 0.06 0.04 0.72
Hatchets 0.02 —0.03 0.89

Factor correlations

Verbal Arithmetic Spatial
Verbal 1.00
Arithmetic 0.48 1.00
Spatial 0.34 0.37 1.00

simulated from a multivariate normal distribution N (0, Ry); in the second sample, 696 nine-
variate vectors were simulated from an elliptical distribution, which is a mixture of two multi-
variate normal distributions (Ichikawa & Konishi, 1995),

0.7N@0,Ry) +0.3N(0,3Ry).

The kurtosis of the elliptical distribution is 1.328 times larger than that of the multivariate normal
distribution.

In both the normal sample and the elliptical sample, the three-factor EFA model was esti-
mated with a correlation matrix using both OLS and ML. Model estimation, factor rotation, and
analytic standard error estimation for OLS and ML estimates were carried out using the com-
puter program CEFA (Browne et al., 2008). 1J standard error estimation was implemented using
the software package R (R Development Core Team, 2007).>

Analytic standard error estimates for ML rotated factor loadings and factor correlations
implemented in CEFA are an extension of the bordered information matrix method (Jennrich,
1974). Analytic standard error estimates for OLS rotated factor loadings and factor correlations
implemented in CEFA are an extension of a sandwich standard error estimator (Browne, 1984,
Proposition 4).

Figure 1 displays comparisons between 1J standard error estimates and analytic standard
error estimates for rotated factor loadings and factor correlations. When manifest variables are
normally distributed, 1J standard error estimates and analytic standard error estimates are ex-
pected to be close. Thus the scatter plot displaying these two kinds of standard error estimates
should be close to the line y = x. The upper left plot of Figure 1 shows that the IJ standard er-
ror estimates and analytic standard error estimates are close for ML rotated factor loadings and
factor correlations. The lower left plot of Figure 1 shows the same pattern for OLS parameter
estimates.

When manifest variables are elliptically distributed, normal theory standard error estimates
will be inappropriate. This is shown by the right two plots of Figure 1. All the points are above

2R code implementing the 1J standard error estimation with EFA is available upon request.
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Normal Data & ML

Elliptical Data & ML
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FIGURE 1.

Comparisons of IJ SE estimates and analytic SE estimates. “IJ SE”, “Analytic SE”, “OLS”, and “ML” represent in-
finitesimal jackknife standard error estimates, analytic standard error estimates, ordinary least squares, and maximum
likelihood, respectively.

the line y = x: 1J standard error estimates are larger than the corresponding analytic standard
error estimates. Browne (1984, Proposition 5) proposed that appropriate standard errors for ML
estimates of SEM models with elliptical data could be obtained from scaling standard errors
for ML estimates of SEM models with normal data. This scaling factor is the ratio between the
kurtosis of the elliptical distribution and that of normal distributions. The scaling factor is 1.328
for the elliptical distribution in the current illustration. Thus analytic standard error estimates
for ML estimation with the elliptical distribution need to be multiplied by +/1.328 = 1.152. The
upper right plot of Figure 1 shows that the 1J standard error estimates and scaled analytic standard
error estimates are close for ML rotated factor loadings and factor correlations: all the points are
close to the dash line y = 1.152x. We applied the same scaling method to analytic standard error
estimates for OLS estimates with the elliptical distribution. As shown at the lower right plot of
Figure 1, 1J standard error estimates and scaled analytic standard error estimates are close for
OLS rotated factor loadings and factor correlations.
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4.2. IJ Standard Error Estimates for Misspecified EFA Models

Luo, Chen, Yue, Zhang, Zhaoyang, and Xu (2008) reported a study on marital satisfaction.
The participants of the study were 537 newlywed urban Chinese couples. We compare 1J SE esti-
mates and normal theory ML standard error estimates using husbands’ ratings on 28 personality
facet scores. Table 2 presents ML rotated factor loadings and factor correlations of a four-factor
EFA model. The factor rotation procedure is oblique CF-varimax rotation. The RMSEA for the
four-factor model is 0.049 with a 90 % CI of (0.044,0.054). The test of perfect fit is rejected
at the 0.05 level; the test of close fit is retained at the 0.05 level (Browne & Cudeck, 1993).
Although the amount of model misspecification is nonignorable, the four-factor EFA model still
provides a useful approximation to the manifest variable correlation matrix. The sample multi-
variate kurtosis is 865.37; the corresponding multivariate kurtosis for the normal distribution is
840 (Mardia, 1970). Thus the sample multivariate kurtosis is close to the corresponding normal
one.

Also presented in Table 2 are 1J standard error estimates and normal theory ML standard
error estimates. Most 1J standard error estimates are larger than the corresponding normal the-
ory ML standard error estimates. No clear patterns on the relative magnitude of these two types
of standard error estimates are detected, however. For example, rotated factor loadings of the
manifest variable “‘veraciousness versus slickness” on “social potency”, “dependability”, “ac-
commodation”, and “relatedness” are —0.06, 0.18, 0.54, and 0.27, respectively. 1J standard error
estimates and normal theory ML standard error estimates are very similar for the factor loadings
on “social potency” (0.05 versus 0.04) and “relatedness” (0.06 versus 0.06). 1J standard error
estimates are almost twice as large as normal theory ML standard error estimates for the factor
loadings on “dependability” (0.09 versus 0.05) and “accommodation” (0.10 versus 0.05).

Normal theory ML standard error estimates are appropriate for normal data and correctly
specified models. These two assumptions are often violated in practice. On the other hand, 1J
standard error estimates are consistent regardless of data distributions and model misspecifica-
tion. As indicated by the confidence interval for the RMSEA, a nonignorable amount of model
error is present in the empirical illustration. Although 1IJ standard error estimates and normal
theory ML standard error estimates are close in many places, these two types of standard error
estimates can substantially differ from each other. 1J standard error estimates can be twice as
large as their normal theory ML counterparts.

5. Concluding Comments

We adapted the 1J method in covariance structure analysis to estimate standard errors in EFA
with minimum deviance methods and sample correlation matrices. Factor rotation was treated as
the imposition of constraints on rotated factor loadings and factor correlations. Two frequently
used estimation methods, ML and OLS, were presented as examples of minimum deviance meth-
ods. The empirical illustrations showed that IJ standard error estimates were close to analytic
standard error estimates for both ML and OLS rotated factor loadings and factor correlations for
normal data and 1J standard error estimates were close to scaled analytic standard error estimates
for both ML and OLS rotated factor loadings and factor correlations for elliptical data. Addition-
ally, IJ standard error estimates and analytic standard error estimates for some factor loadings
were different when the EFA model was misspecified.

The consistency of 1J standard error estimates in covariance structure analysis was proved in
Jennrich (2008, Theorem 1). We have used this to obtain consistent standard error estimates for
an EFA of a correlation matrix. We have not assumed that the EFA model was correctly speci-
fied, so our results apply to both correctly and incorrectly specified models. Covariance structure
analysis methods described in Shapiro (1983) and Ogasawara (2007b) are also appropriate for
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misspecified models, but their foci are not on standard errors for EFA parameters. Consistent ana-
Iytic standard error estimates for an arbitrary minimum deviance method in EFA with nonnormal
data and model misspecification are currently unavailable. Bootstrap standard error estimation
does not require a correctly specified model either. A systematic investigation of 1J standard
error estimates, bootstrap standard error estimates, and analytic standard error estimates under
different levels of model misspecification will be highly informative but beyond the scope of the
present article.

Although analytic derivatives are used in the present article, implementation of the 1J proce-
dure can be substantially simplified if derivatives are approximated numerically. Complex com-
puter code evaluating analytic derivatives is then replaced by simple generic code computing
numerical derivatives. Efforts on deriving and programming analytic derivatives can be avoided.
Numerical derivatives involve heavier computation costs, but they have been found to be feasible
and accurate in the context of factor analysis. Using a confirmatory factor analysis model involv-
ing nine manifest variables and three factors, Jennrich (2008) demonstrated that 1J standard error
estimates with analytic derivatives and 1J standard error estimates with numerical derivatives
agreed to at least two decimal places. Cudeck and O’Dell (1994) employed numerical deriva-
tives of rotated factor loadings and factor correlations with regard to unrotated factor loadings
when they estimated standard errors in EFA using the delta method. Tateneni (1998) compared
different numerical derivatives in EFA. The computer program CEFA (Browne et al., 2008) al-
lows users to specify whether analytic derivatives and numerical derivatives are used to compute
standard errors for rotated factor loadings and factor correlations.

An advantage of the IJ method is its generality. EFA consists of two major steps: factor
extraction and factor rotation. We provide details of estimating standard errors for CF-varimax
obliquely rotated factor loadings and factor correlations when factors are extracted from the sam-
ple correlation matrix using OLS and ML. Adaptations of the IJ method to other factor extraction
and factor rotation conditions are straightforward. When factors are extracted from the sample
covariance matrix, the only required changes are to replace d Rs(dS) in Equations (20) and (23)

with dS. When other factor extraction methods are considered, the only required changes are the
first-order derivatives aa_o F (0, R) in Equation (10) and the second-order derivatives % F@,R)
in Equation (11). When other rotation criteria or orthogonal rotation are considered, the only re-
quired changes are the rotation constraints ¢(6) in Equation (10) and their derivatives %go(O) in
Equation (11). Whenever analytic derivatives are unavailable, numerical derivatives can be used

to simplify the implementation of the IJ method.
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Appendix A. Partial Derivatives of Rotation Constraints with Respect to Factor Correlations

Let Jxy be an m x m matrix with a one in row x and column y and zeros elsewhere. Then

d 0 d
Puv _ <A—Q¢_l)
0pxy  0yy dA uv

g _

dQ —1 —1 dQ —1 —1
= (A=20 @ —(A=9 P
< dA Ty )uv ( dA Ty

uv
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_ d_Q -1 v d_Q -1 xv
= (AdA‘p )MW <Aqu> )f

d d
:_5ux A_Q¢—1 ¢yv—8”y A_Q(p—l ¢xv
dA . dA w

— _ v xXv d_Q -1
= —(8ux " + Suy¢h )(AdArb )W.

The proof repeatedly uses the property that (A Z—g @) is a diagonal matrix.

Appendix B. Computing the y; Using Differentials

This appendix consists of four lemmas (B1, B2, B3, and B4). B1 expresses the differential
of the sample correlation matrix as a function of the differential of the sample covariance matrix;
B2 derives the partial differential of the OLS estimating equation with respect to the differential
of the sample correlation matrix; B3 derives the partial differential of the ML estimating equa-
tion with respect to the differential of the sample correlation matrix; B4 computes the partial

differentials of estimating equations for the ith observation.

The sample correlation matrix R can be obtained from the sample covariance matrix S using

_1 _1
R(S)=D, 2SD; 2.

Here Dj is a diagonal matrix formed by extracting diagonal elements of S.

Lemma B1. The differential of the correlation matrix is

1 _1 1
dRs(dS) =~ diag(dS)D;'R + D, > (dS)Dy * — ERDS_I diag(d$).

Proof:

dRs(dS) = —% diag(S)~2 diag(dS)S diag(S) ™2
+ diag(8) "2 (dS) diag(S) 2
- % diag(S)2 S diag(S)~? diag(d$)
= _% diag(dS) diag($)"'R
+ diag(S) "2 (dS) diag(S)"?
- %R diag(S) ™! diag(d$).

Using the definition of D completes the proof.

Lemma B2. Let g be the ath component of g. Then for OLS estimation anda =1, . ..

(a) az
h8p5(dS) = —2u( dRs(dS) ).
a
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Proof: For OLS

‘ 9%
gy'5(dS) = —2tr(£(R(S) — 2)).

a

Thus
289 ¢(dS) = =2tr| —dRgs(dS) |. O
: 26,
Lemma B3. Ler g% be the ath component of g. Then for ML estimationanda =1, ...,q
)
hgy%(dS) = —tu( 7' =X 1dRs(dS) ).
’ 20,
Proof: For ML,
~19%
a6,

= —tr(Z'_l%E_l(R(S) -X)

gy'5(dS) = —tr(Z‘_l(R(S) ~-3)x

Thus,

X
dr8y"5(dS) = —tr(ZlﬁzldRs(dS)) 0
a

Lemma B4. Let y;, be the ath component of y;. Then

82géa;((x,- —XN)x; %)) ifa=1,...,q,

Yia =
0 ifa=q+1,...,q9"

Proof: From the definition of g(8, S), d2gy"x(dS) = 0 for all @ > . Thus yiu = O for all
a>q. g
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