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Abstract
It is well-known that bifactor structures are over-represented as preferred solutions in measurement
modeling. This study explores the extent to which unmodeled clustering of observations in larger
social or organization units (e.g., students clustered in schools) offers a partial explanation to this
phenomenon. We investigate the overlap between bifactor confirmatory factor models and
multilevel confirmatory factor analysis fit to identically structured data formats. Structural
symmetries between these models are identified, leading to a series of postulates regarding expected
differences across modeling frameworks. Next, through simulation and empirical data analysis, we
demonstrate that bifactor solutions can emerge as artifacts of conflated level-1 and level-2 effects
when clustering is ignored, causing invalid interpretations of factors. Specifically, results suggest that
when bifactor models are fit to clustered data with one level-2 factor and multiple level-1 factors,
general factor loadings are typically inflated, leading to greater support for the misspecified bifactor
solution. We encourage researchers to consider multilevel measurement models as alternative
explanations for bifactor solutions, so factors are accurately interpreted at the correct level of
analysis.
Keywords: Bifactor Model, Confirmatory Factor Analysis, Multilevel Confirmatory Factor Analysis,

Measurement Models



Introduction

In the social and behavioral sciences, data collected for the purpose of instrument and scale
development often involves item responses obtained from individuals clustered in larger social
and/or organizational units. For example, a 2021 study exploring potential ovetlap in burnout and
depression and involving a sample of educational staff members recruited from schools further
nested in districts, found support for construct overlap between depression and exhaustion using an
exploratory bifactor model (Verkuilen et al., 2021). In addition, a 2018 study aimed at validating a
patient-physician shared decision-making scale sampled patients clustered in a smaller sample of
medical providers. This study also found support for an underlying bifactor structure using both
exploratory and confirmatory factor analysis (Calderon et al., 2018). Notably, in these examples and
others from recent literature (Bae et al., 2020; Bae & DeBusk-Lane, 2019; Bartroli et al., 2022;
Bianchi & Schonfeld, 2021; Calderon et al., 2018; Calvete et al., 2023; Caspi et al., 2024; Cuesta-
Vargas et al., 2018; Dierendonck et al., 2020; Disabato et al., 2019; Maghsoodi et al., 2023; Ondé et
al., 2022; Perera et al., 2018; Perreira et al., 2018; Quattrone et al., 2019, 2019; Savahl et al., 2023;
Scherer et al., 2017; Shuck et al., 2019; Tiego et al., 2020; Torres-Vallejos et al., 2021; Verkuilen et al.,
2021), single-level exploratory and/or confirmatory factor analyses were used to uncover undetlying
measurement structures for the purpose of scale development and construct clarity. Further, data
were likely characterized by non-independent observations due to naturally occurring, or design-
induced, clustering (e.g., sampling from schools, countties, vocational organizations) ". Lastly, all
cited analyses concluded that a bifactor structure resulted in an optimally or well-fitting solution.

To summarize, single-level factor models are often used to model measurement structures in

data that are likely clustered within measured or unmeasured hierarchical groups. In addition, past

! Cited articles did not report item-level ICCs. Therefore, we can only conjecture that conflating level-1 and level-2
effects in a single-level model would result in an uninterpretable solution.



literature has clearly stated that bifactor structures often fit well, and may be over-represented as the
optimal data generating process in scale development literature (Eid et al., 2017; Murray & Johnson,
2013; Reise, 2012; Reise et al., 2023; Rodriguez et al., 2016). The purpose of this paper is to discuss
how multilevel measurement models can wasquerade (to employ terminology from Bauer & Cai,
2009; Belzak & Bauer, 2019; Lubinski & Humphreys, 1990) as bifactor models under certain
conditions. We will demonstrate that an applied researcher is likely to find empirical support for a
bifactor model when clustering of individuals in social and/or organizational units is nontrivial but
not decomposed. As a consequence, this researcher might then interpret cluster-level factors at
lower levels of analysis, leading to invalid interpretations of the true underlying measurement
structure.

Before returning to unique challenges in bifactor modeling, we begin by discussing the
potential limitations of employing measurement models that do not decompose level-1 and level-2
effects in clustered data structures broadly. It is well known that clustered data violate the
independence assumption, leading to biased standard errors in regression models and other
statistical methods. Despite this, if data are collected solely for measurement modeling purposes
(e.g., factor analysis), there is typically less reliance on standard errors, test-statistics, and p-values.
Thus, violations of independence assumptions may be seemingly less consequential. Perhaps, for
this reason, multilevel approaches to measurement modeling are applied less frequently than their
single-level counterparts, even when data are not independent.

There are, however, additional consequences of applying single-level modeling frameworks
to clustered data structures. In the context of scale development, when single-level models such as
confirmatory factor analysis (CFA; e.g., Brown, 20006) are applied to multilevel data where observed
variables have nontrivial intraclass correlation coefficients (ICCS), resulting solutions represent a

conflation of level-1 and level-2 effects (Asparouhov & Muthen, 2006; Enders & Tofighi, 2007;



Hedeker & Gibbons, 2006; Kreft et al., 1995; Ludtke et al., 2008; Mancl et al., 2000; Miller &
Burstein, 1981; Neuhaus & Kalbfleisch, 1998; Neuhaus & McCulloch, 2006; Preacher et al., 2010,
2016; Raudenbush & Bryk, 2002). For multilevel data, this can manifest in solutions that do not
accurately represent the true measurement structure underlying either level-1 or level-2. As a
solution, multilevel measurement modeling techniques may be employed, wherein latent variable
models are separately and simultaneously fit to decomposed level-1 and level-2 covariance matrices
of manifest variables (Hox, 1993; Hox et al., 2018; Kamata, 2001; Muthén, 1994). Importantly, this
allows for the systematic evaluation of unconflated or unique level-1 and level-2 factor structures.
Further, the extent to which level-1 and level-2 factor models differ, or cross-level measurement
non-invariance, can be empirically investigated (Jak, 2019; Jak et al., 2013, 2014; Jak & Jorgensen,
2017; Zyphur et al., 2008).

Interestingly, a 2016 review found that nearly one third of multilevel measurement models in
the literature resulted in an optimally fitting solution with a different number of level-1 and level-2
factors (Kim et al., 2016). This is often referred to as cross-level configural non-invariance. Further,
on average, level-2 models were shown to have fewer factors than level-1 models. These findings
suggest that it is relatively common for level-1 and level-2 factor structures to be structurally and
functionally non-invariant. In the presence of cross-level non-invariance, models that do not
decompose level-1 and level-2 effects may not, and likely do not, accurately represent the true
measurement structure at either level of analysis.

This work is particularly salient to augment the current state of methodological literature on
both bifactor measurement models and multilevel measurement models. Specifically, it is well
known that fit indices in factor analysis tend to overly prioritize bifactor structures, which has led to
the critical development of novel models and measures to help analysts more effectively uncover

true underlying factor structures (Eid et al., 2017; Reise, 2012; Reise et al., 2016; Rodriguez et al.,



2016). The overlap between bifactor models and multilevel measurement models with fewer factors
at level-2 may in-part explain the ubiquity of bifactor models and offer potential alternative
modeling solutions that may better map onto theory. In addition, with the growth in application of
multilevel modeling frameworks and continued encouragement to think critically about their use
(McNeish et al., 2017; Stapleton, McNeish, et al., 2016; Stapleton, Yang, et al., 2010), it is imperative
to thoroughly explore potential consequences of conflating level-1 and level-2 effects in a variety of
applications.

We will begin with a brief review of traditional bifactor confirmatory factor models, followed
by multilevel confirmatory factor analysis, to introduce a shared notation which will be used
throughout. After this, we will introduce structural symmetries in manifest variable and model-
implied covariance structure equations underlying both models. Next, we will explore the extent to
which these symmetries do not imply equality in conditions commonly encountered in practice. We
then further explore the sample behavior of this inequality through a simulation and empirical
demonstration.

Bifactor Models

A bifactor model is a factor model consisting of at least one general factor and two or more
specific factors®. More technically, this model assumes covariances among observed variables can be
completely decomposed into a part due to a general factor and a part due to orthogonal specific
factors. Consider the following equations underlying the CFA, assuming standardized latent
variables for simplicity (i.e., the factor mean structure is omitted):

yi=v+An; +¢ )

N =4 @

2 “Specific factors” are often referred to as “group factors” in the bifactor literature. We use “specific factor” here and
throughout to avoid confusion with groups or clusters in multilevel modeling.



2(0) = AWA' + 0, ©)
where y; is vector of manifest variable data for individual 7 V is a vector of intercepts, A is matrix of
factor loadings, €; is a vector of unique factors for individual 7 with €;~N (0, ©,), and {; is a vector
of factor residuals with {;~N (0, ¥). In the case of a bifactor model, one column vector of A
contains freely estimated factor loadings for items on the general factor (wherein either one loading
can be fixed to one for identification purposes, or the mean and variance of latent variables can be
fixed to zero and one respectively, and all items are freely estimated), and the remaining column
vectors contains loadings on the specific factors, with some loadings fixed to zero, as in a standard
CFA. Further, off-diagonal elements of W are fixed to 0 for model identification purposes and to
align with substantive implications of processes underlying manifest variable covariances. This
aspect of the traditional bifactor model will be of great importance when discussing symmetries with
multilevel factor models. Figure 1 displays a general path diagram for a bifactor model based on

Equation (1).



Figure 1

Path Diagram of a Bifactor Model with One General Factor and Four Specific Factors
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Note: Errors and mean structure are omitted for simplicity.

Thus far, we have solely discussed single-level bifactor models’, that is, factor models fit to a
single and potentially conflated (when data are clustered) covariance matrix. Next, we introduce a
multilevel approach to factor analysis, specifically multilevel confirmatory factor analysis (MCFA).
Multilevel Confirmatory Factor Analysis

MCFA allows for the decomposition of a covariance matrix into constituent and orthogonal
level-1 and level-2 components. That is, item responses are modeled additively with level-1 (within-
cluster) and level-2 (between-cluster) parameters. Paralleling Equations (1)-(3), these can be

expressed as:

yij = m+Apnj + Ayn;; + €, + €y, )

3 We employ the term “single-level” bifactor models here and elsewhere to acknowledge that the source of clustering we
are concerned with in this investigation stems from individuals clustered in social and/or organizational units (e.g.,
students in schools). This is not to be confused with the 2-level sampling procedure required for bifactor modeling as
outlined in Eid et al. (2017). By “single-level” we mean that the model in question does not decompose clustering effects
in the traditional sense, as discussed in multilevel literature (Asparouhov & Muthen, 2006; Enders & Tofighi, 2007,
Hedeker & Gibbons, 2006; Kreft et al., 1995; Lidtke et al., 2008; Mancl et al., 2000; Miller & Burstein, 1981; Neuhaus &
Kalbfleisch, 1998; Neuhaus & McCulloch, 2006; Preacher et al., 2010, 2016; Raudenbush & Bryk, 2002).
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Here y;; refers to manifest variables for individual 7 in cluster j, W represents the fixed-effect
associated with random intercepts given by ; which represent latent cluster item means, Ay, and
Ap represent the fixed within- and between-factor loading matrices respectfully, €y;; and €g;
represent the level-1 and level-2 unique factor vectors, such that €y,;;~N (0, @, ) and

€g;~N(0,0.,). In addition, level-1 factor residuals ZW” are distributed as ZWU“’N (0,¥,,) and

level-2 factor residuals T}, are distributed {g;~N (0, Wp). For simplicity, we omit level-2 factor
means and mean structures, but these can be incorporated into Equation (5). The mean structure is
captured solely at level-2, therefore there is not a level-1 mean structure (Ryu, 2014).

Notably, the separate within- and between-cluster matrices imply matrix dimensions and
elements can differ across level-1 and level-2. For the purpose of relating this model to the
traditional bifactor model, 1] can be vector containing a single element and M;; can be a larger
vector. Further, separate within- and between-covariance structures imply elements of these
matrices, including factor loadings, can differ across level-1 and level-2. Figure 2 displays a path
diagram of an MCFA with one level-2 factor and four level-1 factors, based on Equation (4).
Importantly, the elements of Equation (4) not involving error structures or mean structures imply an
analogous path diagram to that of Figure 1. We include correlations among level-1 factors, or

elements of 1;;, as these are estimable in the MCFA.
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Figure 2

Path Diagram of a Multilevel Confirmatory Factor Model with One Level-2 Factor and Four Level-1

Factors

Vi |Vay (Vi | Yaiy [V5i5 [Yeii | |76 [|V8iy | Y9i5 (Y105 P11e Pr2e5| [P13is [V14qs [V15i; V16 Y176 Vasii| (V194 Y20y Va1 V22 V23 V244,

e

Note: Errors and mean structure are omitted for simplicity.

While a variety of measurement structures can be specified and empirically evaluated using
the MCFA framework, we will exclusively consider structures similar to what is depicted in Figure 2
for the purpose of comparison to traditional bifactor models, though findings may apply to models
with more than one general factor. Next, we further motivate the potential relationship between
these models by noting a structural symmetry across model equations. This structural symmetry will
be used to determine conditions for inequality of parameter estimates across these models, which
will then inform a deeper exploration of parameter estimate behavior in subsequent simulation
demonstrations.

Structural Symmetry

Before presenting structural symmetries implied by Figures 1 and 2, we will clarify

differences between what we will demonstrate and what past literature has proven regarding

convergence between multilevel and bifactor-like factor models (e.g., Cai & Houts, 2021; Castro-
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Alvarez et al., 2022; Eid et al., 2017, 2017; Ulitzsch et al., 2017). Specifically, literature has
established that many hierarchical and bifactor-like factor structures (e.g., latent curve models, latent
state-trait models, and multitrait-multimethod models) can be reparameterized as multilevel
measurement models. This typically involves first transforming data between “long” format and
“wide” format or a “wide” block structure. Then, a multilevel measurement model is estimated with
a reduction in dimensionality at one or both levels of analysis. For example, Cai & Houts (2021)
showed that a latent curve model with five factors used to denote Intercept, Slope, and three
timepoint-specific factors can be reparameterized as a three-factor multilevel model with an
Intercept and Slope at level-2 and a single “time” factor at level-1. In addition, Ulitzsch et al. (2017)
showed that a multitrait-multimethod (MTMM) model with two methods (or raters) and two traits,
leading to six total factors, can be reparameterized as a multilevel model with only four factors: two
level-2 trait factors and two level-1 method (or rater) factors.

The symmetries we present are functionally different than these reparameterizations for two
critical reasons. First, our symmetries hold in the absence of shifting data between “wide” and
“long” format. Second, our symmetries do not change the dimensionality of either the bifactor
model or the multilevel model without a bifactor structure, leading to equivalent dimensions across
the symmetries. For example, Figures 1 and 2 show that a bifactor model with one general factor
and four specific factors (five total factors) is observationally similar to a multilevel factor model
with one level-2 factor and four level-1 factors (five total factors) This is important in application
because, as our symmetries and subsequent simulation will demonstrate, an analyst working with
data structured appropriately for a bifactor model (i.e., in “wide” format), can still be lead astray by
the masquerading phenomenon of the models in Figures 1 and 2 if level-1 and level-2 effects due to
clustering of individuals in social/organizational units are not decomposed. That is, if the true data-

generating mechanism is a multilevel measurement model without a bifactor structure, a single-level
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bifactor model is an inappropriate and invalid alternative model even though, as we will
demonstrate, it is likely to be empirically supported. Thus, we refer to this phenomenon as a
masquerade.

To begin, we assume Equations (1)-(3) represent a bifactor structure and Equations (4)-(8)
represent a multilevel structure without a bifactor structure. For simplicity, we will consider a
multilevel population generating structure with a single level-2 factor in the MCFA corresponding to
a single general factor in the bifactor model, and multiple level-1 factors corresponding to multiple
specific factors, though all subsequent symmetries expand to more than one level-2 or general
factor. We start by re-expressing Equation (1) as:

Vi =V+Aeng + Amg; + € )
where Ag is a vector of loadings on the general factor, Ag is a matrix of loadings on specific factors,
Mg, is a scaler containing the true factor score on the general factor for person 7, and Ng; is a vector

of true factor scores for the specific factors for person .
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We can now define the following symmetries relating Equation (4) and Equation (9):

L=v (10
Ag = Ag )
N = Mg, (12)
Ay = Ag (13)
N = Ns; (14)

where = is used to denote symmetric elements of equations and not precise equality. That is,
Symmetries (10)-(14) do not necessarily imply equivalency of individual elements of each
corresponding matrix.

Next, we present specific details regarding the scenarios in which Symmetries (10), (11), and
(14) should not lead to precise equivalencies. We begin this discussion by returning to analytics,
which can be used to more clearly demonstrate the inequality between elements of matrices. The
analytics, however, do not clarify sample manifestations of the inequality. As a solution, we explore
the sample behavior of the inequality in a subsequent simulation demonstration.
Symmetry of Intercepts

We begin with Symmetry (11). Recall, i; is a random effect and therefore not directly
estimated in the MCFA. Instead, fixed effects, W, are estimated for each observed variable y;;. To
further explicate, we can decompose Equation (4) into its constituent level-1 and level-2
components:

Yij = W+ Ay + €y (15)

W = n+ Agn; + €p; (16)

Without loss of generality, assuming the model is identified by setting latent variable means

to 0, [ is the expected score on the latent indicator [ for a cluster with an average value of the
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latent variable(s) in 1. In contrast, according to Equation (9) v is the expected score on observed
variable y; for an individual who is average on both specific and general latent variables. Therefore,
W is a cluster-level expected value and V is an individual-level expected value. As population
parameters, where sample sizes are irrelevant, these expected values should be equivalent. In
practice, however, sample estimates of M and v, namely fi and ¥ should be influenced by cluster size.
Specifically, fl is an unweighted expected value across clusters, meaning clusters of different sizes

equally contribute to the estimation of fl. Following this logic, an unweighted expected value across
clusters will only be equivalent to an expected value across individuals, ignoring cluster membership,
if clusters sizes are equal. This implies that corresponding sample estimates of Symmetry (11) can
only be a precise equality when all clusters are of equal sizes. To summarize, Symmetry (11) is a
precise equality assuming cluster size is irrelevant to population parameters, but the extent to which
sample estimates are precisely equal is likely dependent on the extent to which clusters are of equal
size. Importantly, cluster sizes are not equivalent in typical empirical applications, therefore
Symmetry (11) will not generally be an equivalence in practice.
Symmetry of Factor Loadings

Next, we consider Symmetries (11) and (13) for matrices of factor loadings. A deeper
understanding of potential precursors to inequality can be gained by considering model-implied
covariance structures. Given the relation between total effects and un-conflated level-1 and level-2
effects, the following is true:

Ewij
Further, using matrices defined in Equation (9), Equation (3) can be re-expressed as follows:
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where W is a scalar depicting the variance of the general factor and Wy is a diagonal matrix
containing specific factor variances.

Equations (17) and (18) give rise to the following symmetries:

ApWpAp = AGWsA; (19)

Ay Py Ay = AP A (20)
and equality:

Oy + O, = Oc (21)

Symmetries (19) and (20) do not imply precise equality at the matrix or element level. In fact,
we intentionally did not further decompose these by individual matrices, because equality of W¢ and
W, is possible only in the specific and unlikely case of orthogonal level-1 factors. To clarify, bifactor
models assume item covariances are completely captured by the general and specific factors,
therefore specific factors do not covary. That is, Ws is a diagonal matrix. In multilevel factor models,
level-1 factors are typically allowed and expected to covary, meaning off-diagonal elements of Wy,
likely will be non-zero. This implies that Ws is equivalent to Wy, if and only if the off-diagonal
elements of Wy, are zero, or level-1 factors are orthogonal, which is almost never observed in
practice.

It is well known in structural equation modeling, that if parameters are erroneously fixed to
zero, the unmodeled paths will bias parameter estimates in different parts of the model. Symmetry
(20) suggests this phenomenon will likely bias elements of Ag inhibiting the possibility of precise
equality. More technically, when off diagonal elements of W are fixed to zero to identify the
bifactor model, these unmodeled level-1 covariances will likely bias factor loading estimates. This
could occur in one of three ways. Loadings for the specific factor could be inflated and loadings for

the general factor could be attenuated, reducing overall support for the erroneous bifactor model in
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favor of a correlated factors solution where the “specific” factors are interpreted at level-1.
Alternatively, loadings for the specific factor could be attenuated and loadings for the general factor
could be inflated, increasing overall support for the erroneous bifactor model and resulting in a
bifactor solution where the “specific” and “general” factors are interpreted at level-1. Finally, it is
possible that there will be no discernible consequences of this misspecification. We aim to determine
the behavior of this misspecification in the subsequent simulation demonstration.
Methods

Thus far, we have offered an analytically-guided discussion into the overlap between single-
level bifactor models and multilevel measurement models fit to identically structured data. This has
led to a series of symmetries, and motivated postulates regarding the extent to which these
symmetries should not indicate precise equality in commonly encountered data structures. We
explore these next.
Simulation Design

We manipulated three key design factors: (1) level-1 factor correlations; (2) manifest variable
ICCs; and (3) level-specific manifest variable communalities. Population generating values were
determined using a combination of findings from previously cited scale validation literature (Bae et
al., 2020; Bae & DeBusk-Lane, 2019; Bartroli et al., 2022; Bianchi & Schonfeld, 2021; Calderon et al.,
2018; Calvete et al., 2023; Caspi et al., 2024; Cuesta-Vargas et al., 2018; Dierendonck et al., 2020;
Disabato et al., 2019; Maghsoodi et al., 2023; Ondé et al., 2022; Perera et al., 2018; Perreira et al.,
2018; Quattrone et al., 2019, 2019; Savahl et al., 2023; Scherer et al., 2017; Shuck et al., 2019; Tiego
et al., 2020; Torres-Vallejos et al., 2021; Verkuilen et al., 2021), additional results regarding ICC’s
commonly encountered in educational research (Zopluoglu, 2012), and the empirical data, Trends in
International Mathematics and Science Study (TIMSS), utilized in the subsequent empirical example.

All simulated data were generated using R (R Core Team, 2024) and factor models were fit using



17

Mplus (Muthén & Muthén, 2017 ) in conjunction with the MplusAutomation R package (Hallquist
& Wiley, 2018).

Data were generated from a multilevel factor model with one factor at level-2 and four
factors at level-1, consistent with Figure 2. The level-2 population generating process was held
constant across all simulation conditions. For simplicity, a single standardized latent variable was
simulated with a total of 24 continuous indicators across 250 clusters, a similar number of clusters as
was available for the subsequent real data analysis. Level-2 communalities were set to 0.64
throughout, implying unstandardized and standardized loadings of 0.8.

At level-1, the 24 observed indicators were evenly distributed across four standardized latent
variables, inducing cross-level configural non-invariance. Here, two sets of level-1 inter-factor
correlations were specified: 0.35, and 0.70. Non-zero off-diagonal elements of ¥y, were chosen to
explore the behavior of these unmodeled correlations in the misspecified bifactor model. We used a
pseudo-random process to simulate unequal cluster sizes. Cluster sizes were drawn from a uniform
distribution ranging from 2 to 74 (the minimum and maximum cluster size in the TIMSS dataset),
such that the sum of observations lead to a total level-1 sample size of 7,500. To improve efficiency
of this process, cluster sizes were sampled in strata such that 60% were drawn from a uniform
distribution ranging from 2 to 36 and 40% were drawn from a uniform distribution ranging from 37
to 74. The same set of unbalanced clusters were then continually used for all data simulated to
consist of unequal cluster sizes.

We also varied indicator ICCs and level-1 communalities. Notably, these conditions were not
originally considered when postulating criteria for symmetry inequalities; however, both are highly
relevant to MCFA and bifactor models, respectively. First, indicator ICCs represent the extent to
which cluster membership impacts observed variance and induces dependencies. As such, we

considered three indicator ICCs represented in literature: 0.10, 0.30, and 0.50. In addition, bifactor
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structures may be preferred to non-hierarchical factor structures when standardized loadings on the
general factor are relatively large. Because of this, although level-2 indicator communalities were held
constant across all simulated datasets, level-1 indicator communalities were simulated with one of
two selected communalities. In one condition, level-1 communalities were set to .64, or set equal to
level-2 communalities. In the other condition, level-1 communalities were reduced to .36. We
determined the size of raw loadings by solving for these within each ICC condition, holding
communality constant at its predetermined value. A summary is presented in Table 1.

Table 1. Summary of simulation design

ICC Level-1 Communality Unstandardized level-1 factor
loading
0.10 0.36 1.80
0.64 2.40
0.30 0.36 0.92
0.64 1.22
0.50 0.36 0.60
0.64 0.80

Taken together, this process resulted in a fully-crossed 2¢4ctor corretation X 3iccs X

2 evel—1 Communalities Simulation design, or 12 design cells. Within each design cell, 500 datasets
were simulated. Finally, within each of the dataset, two models were estimated: a misspecified single-
level bifactor model and a propetly specified MCFA.
Outcomes of Interest

As stated, the primary goal of this simulation study was to evaluate the behavior of
parameter estimates in the matrices involved in Symmetries (10), (11), and (13) when they are not
expected to imply equality. We therefore extracted parameter estimates directly from each fitted
measurement model, including all factor loadings and item intercepts from the unstandardized

solutions and all standardized factor loadings.
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A number of metrics were then computed using parameter estimates. Specifically, we
computed raw differences of corresponding elements of matrices in Symmetries (10), (11), and (13).

That is, for a given item Vi We computed the difference between intercepts from the MCFA and

bifactor solution in accordance with Symmetry (10), 4 — Vg, the difference between factor loadings
at level-2 and general factor loadings in accordance with Symmetry (12) A, — Ay, and the
difference between factor loadings at level-1 and the specific factor loadings in accordance with
Symmetry (14), Ay, — A,

In addition, we used graphical analyses to evaluate the distribution of factor loadings from

both models in relation to true population generating values. For example, for a given item yj,; we

plotted distributions of parameter estimates Ay, and Ay against the true population generating
factor loading at level-2.

Finally, we examined patterns of standardized loadings from the bifactor solutions to
evaluate the extent to which an analyst might find empirical support for the misspecified bifactor
model when structural clustering is not decomposed. For one, large standardized loadings on the
general factor are often used as evidence in support of a general factor. In addition, large
standardized loadings on the general factor in conjunction with diminished standardized loadings on
specific factors will increase the size of many indices presented in Rodriguez et al. (2016) which are
recommended to be used in place of standard fit indices to determine the necessity of a bifactor
structure. In sum, if bifactor solutions result in relatively large standardized loadings on the general
factor and relatively small standardized loadings on the specific, multilevel measurement models
following the structure in Figure 2 will more successfully masquerading as bifactor models for all

practical purposes.
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Results

Intercept Symmetry

As expected, Symmetry (10) was not a precise equality within a given dataset due to
differences in cluster size. However, the average intercept estimate from the bifactor solution within
each design cell was equivalent to the population generating level-2 intercept. More technically,
level-2 item intercepts were set to zero in all population generating structures, and within each
simulation design cell, average intercept estimates produced from bifactor models were zero, within
rounding to two decimal places. Therefore, even though the MCFA and bifactor solutions produced
different intercept estimates due to variability in cluster size within a given sample, intercepts in
bifactor solutions were able to correctly reproduce population generating values on average.

We computed cortelation estimates between each flj, and 7y as a measure of overall

deviations from equality. These are summarized in Figure 3.



Figure 3

Heatmap of intercept correlations across simulation conditions
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Notes: correlation estimates are the Pearson product moment correlations between intercept

estimates from the bifactor solution for each item Vkij and associated level-2 intercepts estimates

from the MCFA

Intercept estimates across the two models were most closely related when ICCs were small

and became less related as ICCs increased. Specifically, when population generating ICCs were 0.10,

correlations between fi, and Vj, for a given Yk;; were as large as 0.93. This decreased to as low as

0.84 when ICCS were 0.50.

Factor Loading Symmetry

We now turn to Symmetries (11) and (13) regarding factor loadings. Similar to intercept

estimates, we computed the difference between associated elements of matrices in Symmetries (11)

and (13). Specifically, for each item Vi;j we computed the difference between level-2 factor loadings

and general factor loadings, ;ikB — Ak ¢ and differences between level-1 factor loadings and specific

factor loadings ikw - /ik ¢
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Unlike intercept estimates, precise equalities when averaging across all sample estimates were
not observed. Table 2 summarizes differences between these estimates within each dataset, across
the varying level-1 factor correlation conditions.

Table 2. Evaluation of Symmetries (12) and (14) Across Level-1 Factor Correlation Conditions
Level-1 Factor Correlations

0.35 0.70

M (SD) M (SD)

Mepetween ~ Agenerar 0.25 (0.13) 0.58 (0.29)
Ayithin ~ Megroup: -0.34 (0.27) -0.58 (0.43)

Next, we further explored patterns in the behavior of factor loadings across the two models.
Figure 4 provides a detailed summary of distributions of factor loading within all simulation
conditions.

Figure 4

Summary of Unstandardized Factor Loadings
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The factor loadings in the bifactor model across Symmetries (11) and (13) did not lead to a

precise equality, and the extent of this difference was dependent on the size of unmodeled level-1

correlation. Interestingly, a consistent pattern emerged. General factor loadings were higher than
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level-2 population generating factor loadings, and specific factor loadings were lower than level-1
population generating factor .

Importantly, Figure 4 references differences in distributions of unstandardized factor
loadings, which differed across simulation conditions in an effort to manipulate ICCs while holding
communalities constant. Therefore, we turn to standardized factor loadings next to contextualize
differences across conditions. Further, we explore insights into potential patterns in standardized
factor loadings, as these are often used directly, or indirectly when using indices presented in
Rodriguez et al. (2016), to make decisions regarding whether to retain a bifactor model over a
correlated factors model.

Standardized factor loadings

Before presenting results regarding standardized factor loadings, we offer a brief analytical
insight to contextualize findings. Importantly, it is expected that all standardized loadings from the
bifactor solution will be attenuated compared to standardized loadings from the MCFA. This is
because the MCFA decomposes variance into respective within- and between-components.
Therefore, level-2 factor loadings are standardized with respect to the proportion of item variance
due to level-2 and level-1 factor loadings are standardized with respect to the proportion of item
variance due to level-1. This decreases the size of the denominator in the process of standardization,
thereby increasing the absolute value of the standardized estimate, when comparing solutions to a
model that conflates level-1 and level-2 effects. As a result, Figure 5 shows that standardized
loadings from the bifactor solution are consistently lower than those from the MCFA. This is a
natural byproduct of the difference inherent in standardization formula underlying these modeling
procedures. With this in mind, we focus our discussion of standardized loadings by comparing
loadings within a modeling framework as opposed to across modeling frameworks (e.g., comparing

general factor loadings to specific factor loadings within the bifactor solution).



Figure 5

Summary of Standardized Factor Loadings
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Figure 5 elucidates an interesting pattern when comparing the size of the standardized factor
loadings on the general factor compared to specific factors in the bifactor solution. To explain, we
will focus on examining patterns observed in the right-side panel, wherein communalities at level-1
and level-2 were equivalent so that direct comparisons are interpretable. Specifically, when ICCs
were set to 0.10, standardized loadings on the general factor were, on average, smaller than

standardized loadings on the specific factors when level-1 factor correlations were 0.35 (M. =

0.52,8D;, = 0.01; M;, = 0.61,5D;, = 0.01). This pattern shifted for larger level-1 factor

correlations, wherein loadings on the general factor were larger (M;, = 0.68,5D,, = 0.01; M,
0.42,5D;4 = 0.01). When ICCs were 0.30, standardized general factor loadings were larger with
factor correlations of .35 (M;, = 0.59,5D,. = 0.02; M;, = 0.54,5D;, = 0.01) and .70 (M, =
0.71,58D;, = 0.01; M, = 0.37,5D;, = 0.02). This pattern continued with large ICCs of 0.50,

wherein general factor loadings were consistently larger than specific factor loadings, regardless of

level-1 factor correlations.
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When level-1 communalities were set to be lower than level-2 item communalities, similar
patterns were observed, but the differences between standardized loadings on the general factor and
on specific factors were more pronounced, in favor of larger loadings on the general factor.

To summarize, standardized loadings across Symmetries (11) and (13) were consistently non-
equivalent when single-level bifactor models were employed as opposed to the full MCFA, as
expected. The extent of this attenuation depended on a combination of both level-1 factor
correlations and ICCs. With low level-1 factor correlations and low ICCs, general factor loadings
were generally smaller than specific factor loadings. With high level-1 factor correlations and/or
high ICCs, general factor loadings were generally larger than specific factor loadings. Taken together,
in the majority of simulation conditions the unmodeled level-1 correlations in the misspecified
bifactor model led to inflated standardized loadings on the general factor, increasing the likelihood
an applied researcher would retain the bifactor solution if level-1 and level-2 effects are not
decomposed.

Empirical Demonstration

Next, we present findings from empirical data to demonstrate multilevel factor models
masquerading as bifactor models in practice. The purpose of this demonstration is to show how
researchers employing measurement models that conflates level-1 and level-2 processes due to
clustering of individuals in latger social/organizational units may find empirical suppott for a
bifactor solution, when the data actually conform to a multilevel factor model with fewer level-2
factors than level-1 factors. In addition, we will apply insights gained from the previous simulation
study to explain results.

Sample and Measures
Data come from the Trends in International Mathematics and Science Study (TIMSS; U.S.

Department of Education, Institute of Education Sciences, National Center for Education Statistics,
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2021). We analyzed a subset of all available data from 2023 data, focusing on eighth grade students
in the United States. The data consisted of a total of 8,074 unique students clustered in 211 schools.

Further, we selected the TIMSS 2023 Achievement Scales for further analysis. These are
separated into two achievement domains, mathematics and science. For the eighth-grade datasets,
mathematics achievement is further decomposed into four content domains that are assigned a
single numeric score: numbers, algebra, geometry, and data and probability. Science also includes
four content domain scores for biology, chemistry, physics, and earth science.

This dataset was particularly relevant given theoretically supported hypotheses regarding
construct overlap. Specifically, while math and science achievement represent separate academic
domains, it is likely these are not distinct constructs at the school level, and instead represent a
school-level STEM education factor. The decomposition into separate math and science
achievement factors may be of relevance only when considering the student-level measurement
structure.

In practice, however, measurement models that conflate potentially non-invariant level-1 and
level-2 measurement models are not often utilized. For example, an analyst may choose to address
the clustering of students in schools through cluster-corrected standard errors; alternatively, an
analyst may not be aware of the consequences of ignoring clustering altogether and may choose to
not address the clustering of students in schools. Regardless of their reasoning, our simulation
demonstration suggests this analyst is likely to find empirical support for a bifactor model in the
form of large standardized loadings on a general factor that is a masquerade of a true level-2 factor
due to clustering of students within schools.

To demonstrate this masquerade, our analytic strategy involved fitting both an MCFA and a

bifactor CFA to the data. We begin with a summary of findings from the multilevel analysis followed
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by a summary using non-multilevel CFA. All models were fit using Mplus (Muthén & Muthén, 2017)
and model identification was achieved by standardizing the scales of latent variables.
MCFA

Achievement score ICCs for these data ranged from 0.27 to 0.306, suggesting a meaningful
proportion of variance due to school membership, and further suggesting the need to decompose
school- and student-level effects. We began by fitting two competing models, one with a separate
science and mathematics achievement factor at both the student- and school-level, and one with
separate factors at the student-level and a single STEM education factor at the school-level. While
there were not substantial differences in model fit between the two models, when separate school-
level factors were estimated, the correlation between these factors was 0.99. Given hypothesized
configural cross-level non-invariance with the existence of a STEM education factor at the school

level, we retained the model with a single level-2 STEM education factor (CFI = 0.99; TLI =

0.99; RMSEA = 0.05; SRMR,pipeen = 0.01, SRMR jpin = 0.02).

Bifactor CFA

Next, we analyzed the same data using a factor model that does not decompose student- and
school-level effects. Data for both the MCFA and bifactor CFA wete in “wide” form, that is, no
transformations were required to move from one modeling framework to the other given the source
of clustering was students nested in schools. To account for the impact of clustered data on standard
errors, we used robust maximum likelihood with corrected standard errors. We began with a
correlated factors model including unique mathematics achievement and science achievement
factors, but without a general factor, to determine whether a bifactor structure would be empirically
justified in comparison to a simpler model.

In this model, the science and math factors correlated 0.87. The solution fit well (CFI =

0.99; TLI = 0.99; RMSEA = 0.08; SRMR = 0.01) but improved when moving to the bifactor
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model (CFI = 1.00; TLI = 0.99; RMSEA = 0.06; SRMR < .01). Given improvements in fit are
expected when comparing a correlated factors solution to a bifactor model and may not necessarily
imply the bifactor solution is optimal (Murray & Johnson, 2013; Reise, 2012; Reise et al., 2023;
Rodriguez et al., 2016) we further computed indices suggested by Rodriquez et al. (2016) to provide
a more holistic exploration of the scale’s psychometric properties. Both coefficient omega and
coefficient omega hierarchical and explained common variance for the general factor were large
(w =0.99; wy = 0.93; ECV = 0.88). Most item ECVs (I-ECVs) exceeded 0.80, a commonly used
cut-off to support unidimensionality (Stucky et al., 2013). Taken together, empirical evidence
supported the bifactor solution when clustering was addressed with cluster-corrected standard errors
but level-1 and level-2 effects from clustering of students in schools were not decomposed.
Parameter estimates across Symmetries (10), (11), and (13) generally followed predictable
patterns utilizing findings from the previous simulation study. Contextually, these data most
resembled the simulation condition with mid-level ICCs (0.35), high level-1 factor correlations (0.7),
and smaller level-1 item communalities compared to level-2 item communalities. As such, based on
findings from the simulation study, we expected item intercepts to be roughly similar across the
models but not equivalent. This was found to be true. Small differences were observed across
intercept estimates. Further, we expected the bifactor solution to produce standardized specific
factor loadings lower than what is obtained in the MCFA and standardized general factor loadings
higher than what is obtained in the MCFA. This was also found to be true. Importantly, based on
findings from our simulation demonstration, larger loadings on the general factor compared to
specific factors in the bifactor solution could be explained as the result of misspecified inter-factor
correlations. In this empirical example, these likely produced larger values of w, wy, and ECVs
increasing support for the bifactor solution when level-1 and level-2 effects were conflated. Finally,

unstandardized loadings on the specific factors were generally small, with one approaching zero
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(As = 0.09), suggesting poor local fit. All unstandardized loadings in the MCFA were substantial,

consistent with theoretical expectations. Findings are summarized in Table 3.

Table 3. Comparison of MCFA and Bifactor Solution in Empirical Data

MCFA Bifactor Solution
Estimate (Standardized Estimate) Estimate (Standardized Estimate)

Math Level-1 Specific Factors
Numbers 0.75 (0.97) 0.47 (0.48)
Algebra 0.76 (0.95) 0.46 (0.45)
Geometry 0.68 (0.94) 0.38 (0.41)
Data and 0.75 (0.94) 0.41 (0.41)
Probability
Science
Biology 0.81 (0.96) 0.27 (0.27)
Chemistry 0.74 (0.93) 0.09 (0.10)
Physics 0.83 (0.95) 0.17 (0.16)
Earth Science 0.82 (0.94) 0.21 (0.20)
Science with 0.81 (0.81) --
Math

Level-2 General Factor
STEM Factor Loading Item Intercept Factor Loading Item Intercept
Education
Numbers 0.57 (0.99) 4.86 0.83 (0.86) 4.88
Algebra 0.60 (0.99) 491 0.86 (0.86) 4.93
Geometry 0.53 (0.99) 4.81 0.79 (0.87) 4.82
Data and 0.58 (0.99) 4.92 0.86 (0.87) 4.92
Probability
Biology 0.51 (0.99) 5.16 0.94 (0.94) 5.18
Chemistry 0.49 (0.99) 5.05 0.90 (0.95) 5.06
Physics 0.54 (0.99) 5.14 0.98 (0.95) 5.16
Earth Science 0.54 (0.99) 5.09 0.97 (0.93) 5.11

Conclusion

The purpose of this investigation was to demonstrate a particular instance of modeling

approaches that do not decompose level-1 and level-2 effects due to clustering of individuals in

social and/or organizational units resulting in erroneous conclusions regarding undetlying

measurement structures when fit to clustered data. Specifically, we considered multilevel

measurement structures with fewer level-2 factors compared to level-1 factors, a measurement

structure common in multilevel applications (Kim et al., 2016), and explored how these may be

misrepresented as bifactor solutions, another common structure in practice (Eid et al., 2017; Reise,

2012; Reise et al., 2016; Rodriguez et al., 2016), when level-1 and level-2 effects are not decomposed.
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This investigation was motivated by noting an evident structural symmetry in the manifest variable
equations and model-implied covariance matrices underlying both the MCFA with a single level-2
factor and bifactor models, involving equivalence of matrix dimensions.

These symmetries led to a series of postulates that were further tested using simulation
methodology. According to our symmetries, precise equivalencies across the modeling frameworks,
without restructuring of data, are contingent on cluster sizes being equivalent and level-1 factors
being orthogonal, both of which are unlikely to occur in practice. Therefore, the misspecified
bifactor solution should lead to different parameter estimates than the properly specified multilevel
measurement model, but the nature of these differences required further analysis. Therefore, we
conducted a simulation study and empirical example to evaluate sample behavior.

One of the most practically important findings observed in the simulation study and in the
subsequent empirical data demonstration concerned the patterns of difference between standardized
loadings on the general factor in the bifactor solution. Importantly, in most simulation conditions
and in the empirical data demonstration, the bifactor solution produced larger general factor
loadings than specific factor loadings. This is critical because larger general factor loadings compared
to specific factor loadings may be used as empirical evidence in support of the existence of a bifactor
solution over a correlated factors solution.

Relatedly, the empirical demonstration showed that standard fit indices are not always
effective at determining if the population-generating process is a multilevel factor model without a
bifactor structure or a classic single-level bifactor solution. The bifactor solution fit the data well.
Metrics specifically recommended for use to offset the proclivity of bifactor models to fit well
further supported the bifactor solution. Further, in both the simulation and empirical demonstration
most unstandardized and standardized loadings in the classic bifactor model were substantial. There

was the exception of a single unstandardized loading on a specific factor in the empirical example
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approaching zero. Vanishing specific factor loadings have been noted to occur when bifactor models
are erroneously applied to data where specific factors are not interchangeable — a characteristic of
the TIMSS example (Eid et al., 2017). That said, vanishing specific factor loadings were not
consistently found on average in the simulation demonstration. This suggests that typical anomalous
results that occur due to inappropriate application of classic bifactor solutions are not a consistent
artifact of the masquerade presented here. This is expected in a model masquerade, but concerning
in that these findings undermine the interpretability of local and global fit.

Regarding the observed patterns of standardized loadings, we believe this is generally
explainable by returning to the model-implied covariance structures. Specifically, bifactor models
require a diagonal covariance matrix of latent factors. That is, the specific factors are not allowed to
covary. If the true data-generating process involves factor covariances at level-1, these covariances
are likely to bias factor loadings matrices to maximize the likelthood of the observed item covariance
matrix. This explains why the degree of differences in factor loadings from the bifactor solution
across Symmetries (11) and (13) differed substantially from factor loadings from the MCFA with
larger level-1 factor correlations.

In sum, findings suggest that, practically speaking, multilevel measurement structures with
fewer level-2 factors than level-1 factors can masquerade as bifactor models when clustering of
individuals in social/otrganization units is not decomposed via a multilevel factor model. It is
important to explain why this is consequential in practice. Specifically, if a CFA can correctly
determine that the underlying latent variable structure involves a single factor relating all items and a
series of specific factors, why would it be necessary to consider the MCFA? The answer to this
inquiry lies in model interpretation. General factors and specific factors are substantively different
from level-1 and level-2 factors. Namely, general factors and specific factors can both be applied to

individuals whereas level-1 factors are unique to individuals and level-2 factors are unique to



34

clusters. As such, if a general factor emerges in measurement modeling, and this general factor
emerges solely due to a single factor that exists at the cluster-level, interpretation of the general
factor at the individual-level is theoretically invalid. Valid interpretations of the factors can be made
only when they are accurately applied to the correct level of hierarchy, and the correct level of the
hierarchy can only be determined only in the MCFA.

This leads to the primary solution to this masquerade: we encourage researchers with
clustered data and nontrivial manifest variable ICCs to consider MCFA as an alternative modeling
approach to the bifactor CFA. An alternative explanation for empirical support of a bifactor
structure is indeed a multilevel data-generating model with a single-level 2 factor, multiple correlated
level-1 factors, and no bifactor structure. In some scenarios this multilevel structure might better
describe the true data-generating process and might better map onto theory, and this can only
thoroughly be empirically investigated using multilevel measurement models.

This solution, however, applies only when the source of clustering is known and measured.
There are likely data structures in which clustering in a sample or population exists but is unknown
and/or unmeasuted. It is therefore theoretically tenable that any bifactor structure might be more
accurately described as a multilevel structure with a single factor at level-2 and distinct factors at
level-1, regardless of known or measured sources of clustering, Because of potential consequences
of unmodeled clustering, we encourage all researchers finding ubiquitous support for bifactor
solutions in clustered data to consider whether or not applying the general factor at the individual-
level is theoretically supported. If not, the general factor may be a byproduct of different factor
structures at different levels of analysis, or cross-level non-invariance, had those levels of analysis
been unconflated.

This leads to a discussion of limitations and suggestions for future research. In accordance

with the establishment of structural symmetries, we did not further consider multilevel population
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generating structures involving a bifactor structure at level-1 and a single factor at level-2. This
creates an additional series of loadings complicating established symmetries by removing equivalence
of matrix dimensions; however, it may be the case that these structures are even more prone to a
potential masquerade, though one in which a version of the “general” factor is interpretable at level-
1. Flexibility of measurement models at level-1 and level-2 is a benefit of the MCFA and future
research should continue to consider alternative potential specifications that may produce erroneous
structures when level-1 and level-2 effects are not decomposed.

In addition, future research should place a greater emphasis on varied model evaluative
metrics used bifactor models including, but not limited to, indices suggested in Rodriguez et al.
(2016). Our study offered an analytically guided initial investigation into certain multilevel factor
structures masquerading as bifactor models, demonstrated this masquerade occurs, and established
patterns of differences across parameter estimates. Future studies should use a more holistic series
of outcomes, above and beyond standardized loadings, to determine the relative frequency with
which a bifactor structure would be retained over other competing models that conflate level-1 and
level-2 effects.

Finally, our study was limited by considering only bifactor models as a possible masquerade
to multilevel measurement models, given their frequency in application and noted proclivity for
misuse (Eid et al., 2017; Murray & Johnson, 2013; Reise, 2012; Reise et al., 2023; Rodriguez et al.,
2016). There may be additional structures vulnerable to this masquerade. For one, bifactor models
can be shown to be equivalent to hierarchical CFA models (Markon, 2019; Yung et al., 1999). Since
hierarchical CFA allows direct paths between higher order factors and lower order factors but does
not allow manifest variables to directly load on higher order factors, parameter estimates are likely to
follow different patterns than what was observed in Figures (4) and (5). Further, we did not consider

a comparison between multilevel measurement models and the bifactor(S-1) or bifactor (S*I - 1),
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which are more appropriate when the sampling procedure of specific factors and general factor is
not a two-level sampling procedure (Eid et al., 2017). These models allow some, but not all, specific
factor correlations to be estimated; therefore if they are erroneously applied to data whose
population structure mirrors what was considered here, the patterns of differences across
Symmetries (11) and (13) are likely to be different. We also limited the investigation to multilevel
models with fewer factors at level-2 than at level-1 given parallel with bifactor models, but results
may be similar in multilevel models with different structures. That is, a multilevel measurement
model with an equivalent number of factors at level-1 and level-2 could still masquerade as a
bifactor-like model with the same number of general factors as specific factors and the latter would
still be invalid if factors are not interpreted at the correct level of analysis. Future research should
consider alternative but similar factor structures, such as hierarchical CFA, the bifactor(S-1) or
bifactor (S*I - 1), or more complicated bifactor-like models to better understand the nature of
additional potential masquerade.

In sum, we have offered evidence that certain bifactor solutions may, in fact, be
manifestations of multilevel processes wherein fewer factors exist at the cluster-level compared to
the individual-level (i.e., cross-level configural non-invariance). This initial investigation offers
insights to inform future methodological work considering the breadth of potential consequences of
conflating level-1 and level-2 effects in the measurement and scale validation literature. Future
research should continue to explore these overlaps, ensuring that measurement models accurately
reflect the underlying data structures and inform valid theoretical construct interpretation,
particularly in complex data structures.
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